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N. N. Gorelenkov* and L. E. Zakharov'
Princeton University, Princeton, New Jersey 08543

and
M. V. Gorelenkova*
Troitsk Institute for Innovative and Thermonuclear Research, 142092 Troisk, Moscow Region, Russia

A conceptual, theoretical assessment of using the toroidal fusion reactor, tokamak, for deep space interplanetary
and interstellar missions is presented. Toroidal thermonuclear fusion reactors, such as tokamaks and stellarators,
are unique for space propulsion, allowing a design with the magnetic configuration localized inside the toroidal
magnetic field coils. Plasma energetic ions, including charged fusion products, can escape such closed configuration
at certain conditions as a result of vertical drift in the toroidal rippled magnetic field. Escaping particles can be
used for direct propulsion (because toroidal drift is directed one way vertically) or to create and heat externally
confined plasma, so that the latter can be used for propulsion. In contrast to other fusion concepts proposed for
space propulsion, this concept utilizes the natural drift motion of charged particles out of the closed magnetic
field configuration. Also, using deuterium-tritium (D-T) plasma is a novel way to use fusion neutrons with the
energy of 14 MeV for direct propulsion (“neutron rocket”) for out of solar system missions. A special design of the
blanket of the reactor allows neutrons to escape the device in a preferable direction. This provides a direct (partial)

conversion of fusion energy into thrust.

Nomenclature

minor radius of the plasma

averaged acceleration

magnetic field vector

maximum and minimum values of the vacuum
magnetic field in the toroidal direction
component of the magnetic field along R direction
component of the magnetic field along Z direction
poloidal component of the magnetic field

toroidal component of the magnetic field

magnetic field at the magnetix axes

unit vector along the magnetic field

thrust

specific impulse

total plasma current

plasma current density

flight distance, km

normalized flight distance

normalized time optimized flight distance
spaceship mass

mass of the payload

mass of the fusion thruster with supporting systems

mass (and other parameters with prime)

in case of constant exhaust velocity
deuteriumion mass

number of particles in simulations

number of toroidal field coils

number of “wires* inside the toroidal field coil
plasma density

power of the fusion reactor

thermal fluxes on the first wall
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space averaged specific (per particle) particle
momentum in vertical direction

plasma pressure

single fusion particle momentum in vertical
direction (flight direction)

magnetic field safety factor Byr/B, R
cylindrical coordinate system with ¢

is the toroidal angle

major radius of the plasma torus

minor radius of a magnetic surface

toroidal field coil radius

temperature of a plasma

time

velocity of the spacecraft,normalized to the
minimum exhaust velocity; Eq. (3)

spaceship velocity

initial velocity of the spaceship at the orbit launch
plasma volume

exhaust velocity

single particle velocity vector in a tokamak
particle drift velocity in the toroidal magnetic field
fusion alpha particle and neutron birth velocities
particle velocity component perpendicular

and parallel to the magnetic field

specific power, power per mass of the thrust
producing hardware

plasma pressure to magnetic field pressure ratio
toroidal field coils radial width

(Bmax - Bmin)/(Bmax + Bmin) is the magnitUde
of the magnetic-field ripple

inversed aspect ratio for a given magnetic
surfacee =r/Ry

inversed aspect ratio of a torus € =a /Ry
fraction of generated fusion power used

for the thrust

471077Hm™", permeability in SI units

particle Larmor radius, = v, /@,

particle Larmor radius in the vicinity

of the toroidal field coil

particle Larmor radius at the magnetic axes
coefficient of proportionality between the rocket
and exhaust velocities 0 = V /v in the case

of variable exhaust velocity
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T = normalized time for the flight; Eq. (3)
T = plasma energy confinement time
¥ = poloidal magnetic flux
W, = particle cyclotron frequency
Subscripts
a = plasma edge, last closed magnetic
surfaceatr =a
cr = critical magnitude of the magnetic field ripple when
particles are in the stochastic diffusion regime
LFS, = low-field side and high-field
HFS side of the plasma, respectively
max = maximum exhaust velocity; birth velocity
of fusion products
min = minimal exhaust velocity
p! = thermal plasma
0,1,2,3 = valuesatdifferent stages of the mission

atr=0,1,2,3

I. Introduction

AGNETIC fusion reactor configurations were analyzed dur-

ing the past 40 years and were found to be attractive for
space applications, offering unique advantages for space travel to
other planets within the solar system and beyond.! Among all mag-
netic fusion concepts, the toroidal reactors, such as tokamaks and
stellarators,? are unique for fusion space propulsion. They have the
lead in magnetic fusion research and allow for a design with the
magnetic configuration localized inside the toroidal magnetic field
coils, so that the propellantexhaust ions leaving the spaceship will
not be affected by the magnetic field. In this paper, the most ad-
vanced concept, that is, tokamak, is investigatedas a candidate for a
fusion thruster for future deep space missions. In addition to having
closed magnetic surfaces for a good plasma confinement and for ef-
ficient thermonuclear fusion, the tokamak, as we will show, allows
for a “vertical” (along the axis of symmetry) drift motion of plasma
energetic charged particles out of the system. Trapped in the ripples
of the toroidal magnetic field, these particles at certain conditions
can escape the reactor through the gaps between the poloidal coils,
which are used in tokamaks to create a toroidal field. The same kind
of particle loss is present in stellarators.

In contrast to literature emphasizing other fusion concepts pro-
posed for space propulsion, this paper, for the first time, suggests
using the natural drift motion of charged particles to extract plasma
ions out of the closed magnetic field system. This directed particle
flux can be used directly as a propellant. By controlling the regime
of the tokamak reactor, the whole range of energies between the
plasma ion temperature (20-30 keV in deuterium—tritium plasma
and 70 keV in deuterium—-He® plasma) up to the fusion ion en-
ergies [3.52 MeV of alpha particles for deuterium-tritium (D-T)
fuelat I, = 1.3 x 10* s or 14.7 MeV of protons for deuterium-He*
(D-He?) fuel at I;, = 5.4 x 10® 5] can be utilized for direct propul-
sion. This provides control of the exhaust velocity. However, in
all practical cases, the flight mission, with the possible exception
of interstellar missions, as we will see in Sec. III, requires further
enhancementof the thrust. We suggest the use of the energetic par-
ticle flux to heat the external plasma confined outside of the closed
tokamak toroidal configuration.

Another interesting and novel possibility for extracting momen-
tum from a fusion D-T reactor is to utilize secondary D-T fusion
products, neutrons, with the energy of 14.1 MeV. A special design
allows neutrons to escape the shield and the blanket of the tokamak.
This creates a directed flux of high-energy neutrons with the speed
of 52,000 km/s (which is é of the speed of the light). As a result,
the same tokamak reactor on a spacecraft can potentially cover a
wide range of velocities up to 52,000 km/s of propellant particles,
which are mostly the byproducts of fusion. This can provide a very
efficient direct (and partial) conversion of fusion energy into the
directed motion of the propulsion particles. The thrust of such neu-
tron propulsion is rather low and may be used only in interstellar
missions.

The tokamak is the most experimentally developed and theoreti-
cally understood fusion concept, which many believe is on its way
to becoming a commercial fusion power reactor? Recent progress
in advanced configurations (for example, low-aspect-ratiocompact
spherical tokamaks) in new regimes and, most importantly, in in-
creasing the B, parameterup to the level of 40% in volume average,
raises hopes of a dramatic reduction in size and weight of the toka-
mak reactors>~> This raises expectations for the use of advanced
tokamak concepts for space propulsion.

Recently, it was proposed that so-called low-aspect-ratio toka-
maks, or “spherical tori” (STs), could be used as power generators
and sources of plasma.®~® However, to make a single particle leave
the closed magnetic field configuration with a strong toroidal mag-
neticfield, one mustcreatea poloidalfield comparableto the toroidal
field, which will require a massive and complex bundle magnetic
divertor. Such a divertor may introduce magnetic field perturbation,
which limits plasma performance. In this paper, we explore a dif-
ferent idea of breaking particle adiabatic moments in the rippled
toroidal magnetic field to move particles out of the magnetic con-
figuration. This seemed to be the key obstaclein allowing tokamaks
to be used for direct propulsion. Once outside of the closed mag-
netic configuration, these byproducts of fusion reactions, energetic
ions, can be used for direct thrust or for the heating of externally
confined plasma propellant, which has a lower temperature than
the plasma temperature of the tokamak. Although fusion research
is concentrated around plasma confinement, in this paper we are
exploiting the mechanisms of efficient trapped particle losses for
creating the thrust, including losses of charged fusion products (for
example, « particles and protons)and superthermaltails of the back-
ground ion population.

The purposeof this paper s to establishthe conceptof a tokamak-
powered source of fusion thrust and to demonstrate the theoretical
feasibility of using a fast fusion product to extract power from the
tokamak reactor to create such thrust. The paper is organized as
follows: First, we discuss the advantages of using a tokamak-based
reactor over other open-field systems in Sec. II. Then, we compare
two ways of using fusion propulsion, that is, with a constant and
with a variable exhaust velocity, in Sec. III. Different geometries
of the toroidal magnetic field are studied in Sec. IV to present the
proof of the principle of a tokamak fusion thruster, to explore the
ways to optimize the conceptby showing the sensitivity of energetic
ion extraction to the Larmor radius and other plasma parameters. A
summary is given in Sec. V.

II. Tokamaks vs Other Reactor Concepts

Though many toroidalsystems, such as tokamaksand stellarators,
may fit into the fusion thruster concept that we are proposing, we
focus on the tokamak reactor as a base of the conceptand investigate
it in detail. Simply put, the tokamak is represented by a strong
toroidal magnetic field created by the poloidal coils. The toroidal
magnetic field confines the plasma. A single particle in such a field
moves along the magnetic-field lines and performs the gyro motion
perpendicularto the magnetic-field direction. To compensate for the
perpendicular toroidal magnetic ambipolar drift of the gyro orbit,
an electric current needs to be generated in the plasma. A toroidal
current creates a rotational transform for the particle longitudinal
motion so that both electrons and ions are confined. (See Ref. 2
for more details.) Note that in stellarators, rotational transform is
created by the external coils.

Even though the tokamak is the most advanced reactor concept,
its closed magnetic field lines are thoughtto be unsuitable for direct
thrust. This is because there is no escape path for the plasma out
of the reactor, and, to create one, a massive poloidal diverter has to
be employed?® This would complicate the whole system. Instead,
the open-field line configurations such as magnetic dipoles, adia-
batic traps, or mirror machines are considered attractive for fusion
propulsion, as are field-reversed configurations.!

For example, the magnetic configuration of the mirror machines
(behind the mirror point) looks very similar to the nozzle of the jet
engine and seems to be ideal for utilizing the parallel motion of the
plasma particles escaping into the loss cone for propulsion. There
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are open questionscurrently under investigationthat are common to
all of the fusion thrusters, such as the problemof plasmadetachment.
Plasmadetachmentmeans that plasma thatleft the systemmay come
back along the magnetic-field lines to another end of the trap. A
special design for the nozzle may be required to solve this problem
and is currently under research'® (also, private communication with
S. A. Cohen).

The magnetic field is localized inside the toroidal field coils in
a tokamak design. Only energetic particles can escape in such a
configuration, whereas the fuel is left in the plasma to contribute
to the burning. Thus, if the energetic particle escapes the toroidal
field due to the drift motion, there are no obstacles for it to leave the
spacecraft. With a statisticallypreferable direction of motion of such
particles, this creates the propulsion momentum for the spacecraft
with a high [,. To further enhance the thrust and lower the I, (by
increasingmass throughout)one couldtrap escaping fusion products
in a magnetic container to heat a working propellant. This is similar
to the design of the proposed antiproton propulsion system!! and
other fusion reactor propulsion systems.!* As we will show, at a
fixed power of the generator, the thrustis inversly proportionalto the
exhaust velocity of the propellant, so that at least at the initial stage
of the flight, one would need such an external plasma to enhance
the spaceship thrust. The magnetic container, similar in shape to a
mirror machineto providefinite confinementof the extermal plasma,
should be attached to the tokamak, which will allow the capture of
fusionproducts.Plasmain suchan externalcontainerwill beisolated
from the plasma inside the tokamak reactor if its magnetic field is
much smaller than the magnetic field of the tokamak itself. On the
other hand, the magnetic field of the container should be strong
enough for alpha particles to be magnetized so that they would
transfer their energy to the plasmsa inside this container. The other
open end of such a container will serve as a nozzle to let the plasma
escape and to control the specific impulse. The specific design of
the rocket at this stage is beyond the scope of this paper. To make
estimates of our design performance in the next section, we adopt
the major technical features of a tokamak-basedrocket from Ref. 7.

Adiabatic magnetic traps or mirror machines initially attracted a
lot of attention as candidates for the fusion reactor, but were proven
to have a very low-energy confinement time, which is critical for
building the self-sustainedburning plasma reactor. Kinetic instabil-
ities in earlier experiments, such as that driven by the loss cone in
the velocity space, preventedthe plasmafrom achievinghigh-energy
confinement times because achievable trapping magnetic fields are
not strong enough to shrink the loss cone and achieve the required
confinement. Recently, experiments on mirror machines, such as
gasdynamic traps'? and the tandem mirror GAMMA 10 (Ref. 13)
devices, showed that better stability and confinement properties of
the plasma are achievable. However, the confinement time is still
at least an order of magnitude lower than that in tokamaks, which
places mirror machinesbehind tokamaksin the developmentof prac-
tical terrestrial fusion reactors. More complex geometries'* suffer
from the same problems.

On the otherhand, tokamaks have been around for a few decades.
They are extensively studied and are on the verge of being built as
demo reactors.!> Experimentally, they have already achieved condi-
tions in which the power used for plasma heating almost equals the
power released during the plasma discharge.!® New concepts with
high plasma beta and low machine size emerged recently. One of
these concepts is known as a spherical tokamak and was studied in
the United States and the United Kingdom with a record volume-
average achievable beta B, ~40%, with local beta approaching
unity. (See Refs. 3-5 and references therein.)

Our proposal of the tokamak-powered rocket combines the most
advanced fusion concept with direct plasma thrust, making this a
very attractive approach for deep space vehicles requiring high-
power propulsion systems.

III. Requirements for the Propellant
and Thruster Performance

In this section, we prove that, for more practical missions, such
as missions within the solar system, there is a need for external

plasma in which the fusion power carried by charged products is
transformed in to the propellant. We also show examples of the
performance of the fusion, tokamak-based thruster. This is demon-
strated in two ways, using variable and constant propellant exhaust
velocity (specific impulse). In the first approach, we vary the propel-
lant exhaust velocity depending on the rocket speed, whereas in the
second, only fusion products are used as propellants with exhaust
velocity equal to their birth velocity. The big advantage of using
the controllable propellant velocity is that it allows for control of
the thrust.

For simplicity, we assume that all propellant particles are leav-
ing the rocket with the same velocity. This allows us to solve the
problem analytically, whereas, for practical purposes, one should
use some averaged velocity of the propellant, or a specific impulse
(because the propellant has a velocity distribution), and solve the
system of differential equations numerically. In the first scenario,
the variable exhaust velocity (VEV) evolutionis prescribed accord-
ingtov="V /o, 0 =const< 1. There is extensive literature on the
problem of variable and constant exhaust velocity rocket equations,
such as, for example, Refs. 17-19. For the problem we formulated,
we obtained one particular analytical solution with a new time de-
pendence of the spaceship mass determined by the modified rocket
equation:

M (1) = My[Vo/ V(D)) 1)

(Appendix),connectingthe spaceshipmass ata givent with its mass
at takeoff time, t = 0. Also, as we will show later in this section, the
VEV analytical solutioncan demostrate how to optimize the system.
In the second case, constant exhaust velocity (CEV), which obeys
the conventionalrocketequation[Appendix,Eq. (A2)], we prescribe
the exhaust velocity to be equal to the fusion product birth velocity.
In this case, no external plasma is needed.

The tokamak-based generator producing P gigawatts of power
is considered. [Note that the planned International Thermonuclear
Experimental Reactor (ITER) prototype of the tokamak reactor is
designed for P >~ 1 GW (Ref. 15).] We also assume that the power is
directly transformed into the thrust with the efficiency n < 1, which
gives the fraction of power utilized for heating the propellant. The
amount of thrustproducedby the propellantcan be easily expressed
in terms of generated power:

F =2nP/v 2)

From this equation, one can see that VEV offers more flexibility to
optimize the use of generated power: The lower the v, the higher
the thrust. Depending on the mission, it may be required for space
flight to minimize the ratio My/M > 1 and/or flight time. We will
assume hereafter that, at the destination, the mass of the rocket con-
sists of the fusion thruster with supporting systems and the payload
M=M,Q+M,/M,).

Inthe VEV case, from Eq. (1), it can be seen that one needs finite
initial velocity V; to have finite M. Therefore,a CEV scheme with
a small v may be needed before VEV. This also follows from the re-
quirements that the externally confined plasma propellantmay have
some minimum velocity vy, , required for good confinement. At this
stage, the thrust is at a maximum [Eq. (2)] and spaceship velocity
is bounded by inequalities Vi <V < vpino, Where Vg 18 its ve-
locity on the Earth orbit. It is convenientto introduce dimensionless
time and rocket velocity:

2nPt 2at M 1%
= = -_ u =
U2 MU U2 (1 +ML/Mw) MU Umin

min min

3)

In the Appendix, expressions for CEV and VEV are obtained.
Figures 1 and 2 give a comparison of the overall performance of
CEV and VEV scenarios. In Fig. 1, shown are the normalized flight
distance/ as a dotted line and mass ratio M /M, for VEV as dashed
curve, time optimized distance from Ref. 17 as circular points, CEV
distance!’ as solid line and its mass ratio M'/M, as dotted line with
pointsvs normalized time. Shown alsois the real time of the flight for
chosen normalization constant (discussed later) as a function of 7.
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Fig. 1 Comparison of the performance of the conventional rocket
equation solution, CEV [Eq. (A11)], with the VEV solution [Eq. (A9)]
ato= é, where the stages are separated by times 7 =0.18, 7, =362, and
T3 = 9.6 2.
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Fig. 2 Same as in Fig. 1, but for a'=% and 11 =0.39, 1, =202, and
T3 = 3.57‘2.

Note that VEV offers the fastest way to deliver a given load but for
the price of a larger starting mass due to the large propellant mass.
On the other hand, using a maximum propellant velocity gives a
strong advantage by reducing the mass of the spacecraft. For com-
parison, we also show the time-optimized trajectory from Ref. 17,
which takes the form adapted to our dimensionless variables:

Lo = (22/3{IMy /M ()] — 1})* )

Note that, in the time-optimazed scenario, part of the rocket tra-
jectory is described by our more general VEV equations at 0 =1
(Ref. 17).

Itis difficultto evaluate the mass of the tokamak reactorbecauseit
isnotinthe operationyet. Likewise, itis difficultto evaluatethe mass
of as complex a system as the rocket itself because the technology
will evolve by the time the rocket may be built, at least 50 years
from now. Initial estimates of the rocket mass and the mass of the
fusion reactor produced the specific power o 26 kW/kg with the
mass of the rocket M,, = 10° kg, and the power of the D-He? fueled
reactor P =7 GW, n 2 0.85 (Refs. 7 and 8). Such specific power is
consistent with other fusion concepts.® A large contributionto the
mass of the spaceshipcomes from radiators, which led to the choice
of D-He? as a fuel because D-T plasma produces neutrons. Also, in
a D-T reactor, neutrons carry most of the generated power, so that
after its transformation to electricity, the heat waste requires a lot
(up to one-half) of the power to be radiated, and, thus, the mass of
the rocket should increase. On the other hand, at present, D-T is the

only type of fuel for experiments on fusion reactors, and moving to
D-He? will meet new challenges in achieving burning conditions.
In the following, we will consider both fuels for the fusion reactor,
D-T and D-He?.

From Eq. (3), it follows that parameters critical for rocket perfor-
mance are o, Upy,, and M; /M,,. Parameter v,,,, does not enter into
the normalization constants and affects only how far the rocket can
go, thatis, when stage three starts, withoutchangingits performance
on the first and second stages. In the sense of performance, there
is no difference between VEV for D-T and D-He? if «, vyy,, and
M; /M, are the same. We apply VEV and CEV to the precedingex-
ample from Refs. 7 and 8, in which we substitute the D-He? fusion
birth velocity of protons to the maximum propellantexhaust veloc-
ity, Umax = 5.4 X 10° cm/s, and we choose€ Uy / Umin = 400. For the
minimum velocity, the thermal velocity of the hydrogenplasmaused
for the propellant with the temperature Ty, =myv2, /2=92¢V is
used. Such a temperatureis characteristic for the plasma at the edge
of the tokamak, as well as in the Hall thrusters,and seems reasonable
to assume for the externally confined plasma outside the tokamak.

It is now easy to find the required flight time using the length

v M, van\ M, \ My 10°
w0 _ [ _Zmin ) (4 —— km
WP 107 cm/s M, | M 2a

M
=225 x 108—2km
M

and time

vrzninMU Umin : ML MU 107 6MU
_— = —— 1+ ——5=1.67x10°—s
2n P 107 cm/s M, ) M 2a M

normalization constants at & =6 kW/kg, vy, = 1.35 x 107 cm/s,
and M, /M, =0.1.

Dependencies, shown in Fig. 3, correspond to the VEV model
with two values of parameter o =% and % and the conventional
CEV model. Corresponding normalized values of / and 7, as well
as mass ratios, can be found from Figs. 1 and 2, where the real
time curve ¢, years, for chosen normalization constants, is shown.
There is always an advantage in time for a given distance of VEV
curves dependence over the CEV curve dependence of up to an
order of magnitude. In this comparison, we require that the mass
in both cases be the same at the destination. The CEV case offers
a significant advantage with respect to final mass to starting mass
ratio. According to Fig. 3, it will take around one yearto reach Pluto,
that is, L = 67 astronomical units AU = 10'° km, and around two
months to reach Mars (L >~2.7 AU =4 x 10® km). For the extra-
solar-system flights, such as Tau missions with L >~ 10, it will take
around 10 years, which is in agreement with the estimates from

T Lato=1/2 N
4 || ™= Lato=1/5 X
10" || @ time opt. » 1
mm | <3 ’\\‘
@ Lato=12,M/M =5 8% 3¢
10° s SR
£ 2R
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< (IR
4 -100 L .\\\’ “O' i
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\\0\\’ o°
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10_2 [ “‘ ]
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4 “
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10° 10° 10°
t,years

Fig. 3 Performance of the tokamak thruster rocket shown as depen-
dence of the real distance from the starting point vs time for the space
flight according to the modified rocket equation, VEV, and conventional
rocket equation, CEV, with the load to thruster mass ratio M /M,, = 0.1.
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Ref. 9. To show the effect of payload mass on the performance, we
draw a VEV flight distance for M; /M, =5 in Fig. 3. Shown are
the distances L, for VEV with o = % as a dotted line, L for VEV
witho = é with time optimized distance from Ref. 17 as circles, and
CEV distance L’ as a dashed line. For the comparison we provide
the VEV distance at 0 = % and mass ratio M, /M, =5.

There are many issues in the spaceship design requiring detailed
consideration, and these should be considered carefully in sepa-
rate studies as tokamak machines as reactors become more realis-
tic. One of them is a generic for the issue of heat waste nuclear
reactors2° This may impose strong restrictions on the performance
of the rocket, especially the D-T fueled one. However, we can for-
mulate the requirements of the heat-waste system. In the case of
D-T fuel, neutrons would need to be absorbed in the blanket, and
then the thermal energy would have to be transformed to electrical
energy, which is not typically, efficient. In this case, a considerable
fraction of generated power would have to be radiated. Therefore,
the prospects of using D-T plasma will depend on the efficiency of
the technology of neutron power transformation and the waste-heat
radiation. In the case of D-He? fuel, the main energy loss from the
plasma is the thermal flux of the background plasma to the walls,
which can be reduced by increasing the energy confinement time.
In D-He? plasma, the thermal flux is determined by

Ploss = nplTVpl/TE = (1 - )’])P (5)

Here, the second equation follows from the requirement that the
plasmais in a self-sustained burning stage, in which the power not
used for propulsionis utilized to compensate for losses. The corre-
sponding Lawson criteria for ignition is defined by the critical value
of the product ny, Ttz (1 —n). Requiring it to be fixed, we obtain,
from Eq. (5), P ~ [tz(1 —)]~2. This means that by increasing the
confinement time and increasing the effectivenessof the propulsion
system, that is, increasing n < 1 [so that tz(1 —n) =const] at the
same reactor power, we reduce the thermal flux. This is in contrast
to the terrestrial tokamak reactors with n = 0, where an increase in
7 leads to the lower power (in burning plasma). The estimate of the
plasmaenergy confinement time requires very careful consideration
and experimentation.Note that conditionsclose to ours are achieved
in experiments on the electric tokamak *'~2* where fast particle rip-
ple losses are used to create a very strong radial electric field and
strong plasma rotation. At parameters similar to those in tokamaks,
the electric tokamak gives approximately an order of magnitude in-
crease in the confinement time at a smaller magnetic field, for which
aluminum toroidal field coils were used. The obtained energy con-
finementtime scalings allowed projectionsto be be made for reactor
conditions’! and showed that the confinement time may be up to two
orders of magnitude higher than in conventional tokamak reactors.
Such a significant increase in the confinement time leads to as low
as 1% of the generated power contribution to the heat waste from
a thermal plasma flux and makes heat waste tolerable in a D-He?
fueled tokamak. Further experiments and extensive diagnostics of
particle and energy losses in an electric tokamak are of interest for
the fusion plasma thruster concept.

From Fig. 3, it follows that chosen parameters require around
300 years for the trip to the closest star, Proxima Centauri,
which is 2.7 x 10> AU~ 0.4 x 10" km away from the Earth.
To make such a trip in 50 years, one would have to de-
sign a rocket with the generator specific power on the order
of =500 kW/kg. The most advanced, liquid lithium tokamak
concept® for the reactor allows a much higher-power concentra-
tion in the unit than other concepts.”® The plasma pressure scaling
of the power of the reactor can be approximately determined from
Eq. (5). P=npTVy /(1 =)=y T)*Vy /75 (1 = T ~ p*.
In the lithium tokamak, due to the flat temperature profiles, the sta-
bility properties of the plasma are significantly improved, and much
higher plasma pressure is expected. For a tokamak aspect ratio sim-
ilar to ITER’s, the limit for volume-averagedbeta is approximately
five times higher, = 2M0p/B; ~0.16, so that the expected power
output of an ITER-sized tokamak will increaseto P =25 GW. This
may improve the specific power, but still will not be enough for the
trip to the Proxima Centauri. A furtherincreasein the specific power

is possible by constructing a bigger tokamak because the power of
the tokamak reactor increases as a volume, that is, P ~ RS. On the
other hand, the power losses will also increase linearly with the
power so that the mass of the radiator, as well as the mass of other
supporting systems, should increase accordingly. Thus, the net gain
in the specific power may be achieved by increasing the size of the
tokamak if future technologies provide effective means of support-
ing a fusion reactor.

In the preceding estimates, we did not account for the spaceship
slowing down a portion of its trajectory and part of the flight when
the thrust is used to transfer the rocket to a lower orbit at the des-
tination. This can easily be done using the formulation presented.
The change to the obtained, so-called flyby, time of the flight due to
such contributions may be a fraction (always less than one-half) of
the times just calculated, but are typically smaller. This is because,
in our analysis, we fixed the generated power so that during the
slowing down phase at the end of the trip, the mass of the ship is
smallest and the ship accelerationis largest [see Eq. (2)]. However,
if the rocket is to return with no refueling at the destination point,
these contributionsare close to one half of the one-way flyby flight
time (from the Earth to the destination).

Nevertheless, we showed that the solution to the problem of deep
space missions using the fusion-powered propulsion proposed has
the obvious advantage of using externally confined plasma in the
VEV concept. As follows from the preceding analysis, there is a
theoretical feasibility for using the fusion tokamak reactor-based
spaceshipfor interplanetary and Tau missions. The critical problem
in this concept is the possibility of extracting the directed particle
flux from the tokamak.

IV. Energetic Ion Extraction from the Tokamak
Magnetic Configuration via the Magnetic Field
Ripple Loss Mechanism

From the preceding section, it is clear that the use of the fusion
products alone can not provide required performance for the in-
terplanetary and Tau missions. Thus, to create VEVs with lower
exhaust velocity, an externally confined plasma must be included
into the design. The key issue for the prospect of using the tokamak
as a thruster is a problem of power extraction from the tokamak
closed-field-line magnetic configuration, which is investigated in
this section in detail. We explore the main properties of such an ex-
traction, define requirements to the magnetic field coils, and show
the path to optimize the tokamak configuration. Our idea of us-
ing ripple diffusion for fusion propulsion is new. It distinguishes
our toroidal fusion concept from other concepts using tokamaks or
other fusion devices for the propulsion.

In the toroidal magnetic configurations under consideration, the
charged particle is drifting along the axis of symmetry due to the
gradient of the toroidal magnetic field. The direction of the drift
depends on the sign of the particle charge. In reality, the toroidal
magnetic field is not perfectly axisymmetric. Because of the finite
distance between the toroidal field coils, the magnetic field has os-
cillations in the absolute value along the field line, that is, so-called
ripples. As a result, without the plasma, the magnetic field is a peri-
odic function of the distance along its line and has the period equal
to the distance between the coils.

Itis well known thatin tokamaks, due to ripples, charged particles
can stochastically diffuse in the direction of the drift, get trapped in
the magnetic well between the toroidal field coils, and eventually be
lost. However, only energetic particles are affected by this mecha-
nism, which may produce both indirect and direct thrust. Stochastic
ripple diffusion in tokamaks has a threshold, as shown in Ref. 26:

— _3
8> 6cr = /OL_lq l(nNcoilq/e) 2

The quantity § is typically an exponential function of r increasing
rapidly from the center to the edge, so that the effect of ripples is
very selective in space. Figure 4 shows a sketch of particle motion
when it becomes trapped between the toroidal-field coils. In space,
there is no need for the vacuum chamber, so that the tokamak will
consistof the magnetic field coils with supportingsystems. Once the
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Magnetic field lines

Particle orbit

Toroidal field coils

a)

b)

Fig. 4 Toroidal field coils and the magnetic field lines for one of the configurations studied with major radius Ry =2, and minor radius r=1: a) two
neighboring coils, each consisting of three wires (shown also is the charged particle orbit when it becomes trapped between the toroidal field coils)
and b) toroidal coil is shown in its projection to the poloidal plain; - - -, part of the guiding center orbit of a charged particle below the midplane.

charged energetic particle leaves the tokamak magnetic field closed
configuration, it can move freely, except that in our design of VEV
the external plasma confined in the outside magnetic “container”
will capture such fast particles for subsequent cooling in the low-
temperature plasma.

The magnitude of ripples depends on the design of the toroidal
field coils, in particular, their size, the number of coils, and the
structure of the currentdistributionin the coils. This dependencecan
be used for control of the thrust. For this purpose, the toroidal field
coils can be designed in such a way that the asymmetric harmonics
of the current distribution,responsible for the ripple amplitude, can
be controlled independently from the total current in the coils. In
addition, the so-called ferritic inserts between the coils may be used
forextracontrol of the ripple losses by making the toroidal magnetic
field more axisymmetric >’

In the plasma, only trapped particles are affected by this loss
mechanism. The amount of the trapped particle population is ap-
proximately equal to /(2¢), at € < 1, of the total number of parti-
cles for isotropic particle distribution. This means that only a frac-
tion of energetic particles, such as charged-fusionproducts, will be
affected. The rest of the energetic particles will contribute to the en-
ergy balance of the burningfusion plasma. To create a strongerdirect
thrust, one can use the ion cyclotron resonance heating (ICRH) of
charged particles, the technique widely used in tokamak research 2
ICRH is efficient in scattering particles from the passing to the
trapped domain in the velocity-phasespace, where particles will be
affected by the ripples. With this process, even background plasma
Maxwellian tail ions will be forced to leave the reactor, as was
demonstrated experimentally in ICRH plasma discharges in many
tokamaks.?® Ripple losses in tokamak experimentsare always local-
izedin toroidal (between the coils)and poloidal(down orup from the
midplane) directions. In all tokamak experiments, the toroidal coils
are positioned outside the vacuum vessel containing the plasma. A
special experimentdedicated to power extraction through the ripple
loss mechanism is required.

The power flow for the D-He? plasma follows. Generated fusion
power resides almost completely in the charged fusion products,
protons and alphas, P. Some fraction of this power needs to be
collected and used for the supporting systems and the ICRH, which
is needed to scatter passing fast ions to the ripple loss cone. The
main power flow goes into the ripple loss cone through fast ions
nP. The rest of the power has to be radiated, (1 —n)P. For the
D-T plasmain the case of interplanetary missions, the fusion power
is mostly concentrated in neutrons. The challenge for D-T plasma
is to collect the neutron power and transform it into electricity, so
that it can be used for ICRH of the plasma to scatter alphas and
other fast ions into the ripple loss cone, as well as, if required, to
transform into other thrusters, such as Hall thrusters. In this case,
power used for propulsion is the sum of the power in alphas, P/5,

and one-half (assume) of the power in neutrons, ~P2/5. Thus,
~ 3
nxs.

A. Coil Design Requirements

Once trapped in the toroidal field well, the particle starts to move
along the lines of a constant magnetic field with the drift velocity to
the zeroth order in p; /Ry (Ref. 29):

Var = [(vﬁ + vi/Z)/a)c]b x VB

This means that a single particle having a small Larmor radius can
never leave a tokamak magnetic configuration. Plasma particles are
trapped on the low-field side of the tokamak, where the ripples are
strongest. Then, moving along the B = const lines, the drifting par-
ticle approaches the outer boundary of the toroidal magnetic field
coil on the high-field side (HFS) and returns back to the low-field
side (LFS). To allow the particle to leave the closed configuration,
one needs to exploit the nonconservationof the particle integral of
motion (its adiabatic moment), which otherwise provides particle
confinement. If coils are designed in such a way that the distance
from the particle trajectory to the outer boundary of the coils be-
comes comparable to the Larmor radius of the particle, it can leave
the toroidal configuration. Thus, the coil radial size should be larger
than the particle Larmor radius at the LES Arygs > p1o(1 +¢€,). The
particlemoves along the line B >~ B,/ (1 + ¢,). To leave the configu-
ration, it should approach the outer boundary of the HFS part of the
toroidal-field coil within a distance smaller than the Larmor radius
Argrs(1 —€,)/(1 +€,) K pro(l +¢€,), where we assumed that the
magnetic field changeslinearly across the coil. Thus, the coil should
have radial dimensions satisfying the following conditions:

Arips > pro(l+€),  Arues < pro(l +€)* /(1 =€) (6)

Such a coil design meeting these criteriais illustratedin Fig. 4. This
coil design will be used in calculations hereafter.

B. Magnetic Field Model

We developed numerical codes to simulate the energetic particle
behaviorin the realistic rippled magnetic field of the tokamak. The
magnetic field was calculated with a given toroidal coil geometry
(Fig. 4) and splined into three-dimensional splines to enhance the
numerical performance, so that the resulting magnetic field vector
is a function of three spatial coordinates determined by the spline
coefficients at the point of interest:

B =B(R, Z, ¢)

Such an approach allows the efficient calculation of the vacuum
magnetic field for the particle equations of motion.
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To describe the equilibrium state of the plasma magnetic field,
the high-aspect-ratio approximation (¢, — 0) with homogeneous
current density (jo = const) was used.’* The radial dependence of
the magnetic field takes the form

Clyr/a?, 0<r<a
B(r) =
Cly/r, r>a

The equation for the poloidal magnetic flux is given by the solution

gh(r):/ 2w RB dr
0

keeping equal left and right derivatives at the edge
gh"r _(r=za)= w\/r:a (r > a). Thus, the expression for the poloidal
magnetic flux can be obtained as follows:

2
r

(—) R 0<r<a
27 B,,R,a* a

R
a0 (1-}—2&@1), r>a
a

Here, to determine the factor CI, two expressions for the poloidal
componentof the magnetic field taken at the plasma edge were used:

B,r
q(r)Ry
v
27 R

V() =

|r:a
By(a) =
|r:a

Components of magnetic field in spatial coordinates are given by
the following formula:

18y 1 oy ar
"= 27R9Z ~ 27R dr 8Z
—1 9y —1 9y or

@)

2= 2%R9R 2R or oR

The variable r is expressed in spatial coordinates by

r(R,Z)

= (8R{3R+ Ry~ 4[R> ~ R(R — R)/2— (Z— Zo* 161} })*

An individual particle obeys the following dimensionless equation
of motion:

% = w.[v x b] (®)

where we ignored the effects of the plasma on a particle.
To demonstratethe particleextractionin the tokamak, we consider
several configurations of the plasma, keeping an edge value of ¢

0.5

0.5l
5
coil

a)

fixed. We will use dimensionless parameters hereafter. We choose
the minor radius a = 1 and three major radii Ry =1.2,2, and 3. We
use 5, 10, or 20 toroidal coils in the examples.

The magneticfield coils are designedto satisfy Eq. (6), as follows.
The LFS width is chosen to be 1, whereas the HFS is 0.1. The coil-
radial width is slowly changing from the LES to the HFS. Each coil
is represented by three wires, with the first on the outer boundary,
the second on the inner boundary, and the third in between. (See
Fig. 4 for Ry =2.)

In calculations, we start with the homogeneous particle distribu-
tionover the plasma cross section, so that our estimates will be on the
low side of the ion extracting performance. This is because, for ex-
ample, the particlebirth profile is peaked at the center of the plasma.
In the numerical run, all particles have one of the Larmor radius to
major radius ratios p. /Ry =0.04, 0.08, 0.16, or 0.32. Particles are
alsohomogeneouslydistributedover the Larmor rotation phase with
six differentinitial phase angles. The numerical code we developed
solves Eq. (8) and follows particle trajectory. Particles are launched
toroidallybetween the coils, which is the most probableresultfor the
particle trajectory after it is trapped in the ripple. The particle pitch
angleis taken zero at the starting point v; /v =0, which corresponds
to the bouncepointon the particle trajectory? This assumptionis not
important for the solution to the whole problem in the realistic ge-
ometry with the plasma current because a particle changes its pitch
angle and process toroidally. When a particle leaves the system, we
record its momentum about the vertical axis p.. Each particle can
carry a maximum momentum p. = 1. At the end of the numerical
run, we calculate the average momentum with which particles are
carried away for the given toroidal configuration:

_ Zj Dzj

N

P, ®)

where N is the number of particles.

C. Numerical Modeling of Ripple Induced Fast Ion Extraction

Figure 5 shows the comparison of the results for the vacuum
toroidal magnetic field and for the configuration with the toroidal
plasma current as described in Eq. (7). Particles carry a larger mo-
mentum when the plasma current is included (Figs. 5a and 6).
The most promising configuration has a moderate aspect ratio with
€, =0.5 (Fig. 6). The dependence is smoother for this case as a
function of Larmor radius, which means that more particles will be
contributing to the flux.

The space distributionof the Larmor phase-averagedmomentum
in the poloidal cross section of the tokamak is shown in Fig. 7.
In cases when the plasma current is included, particle losses are
distributed over almost all of the poloidal cross section with some
fluctuations. This is caused by the numerical errors due to finite
numerical accuracy when solving Eq. (8) and by the finite mesh of
the particle Larmor gyro phase angle when particles are launched
in simulations. Because, in our calculations, we did not specify any

0.25 AN (T ]

cee 032
0
5 10 15 20

coil

Fig. 5 Averaged particle vertical momentum depends strongly on the number of toroidal field coils, shown at a fixed inversed aspect ratio ¢, =0.83

for the case with a) no plasma and b) the model equilibrium; Sec. IVB.
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Fig. 6 Averaged vertical momentum of particles for different aspect ratios and particle Larmor radii presented as functions of a) particle Larmor
radius and b) inversed aspect ratio at a fixed number of toroidal coils N, = 20.

1=

Eievotion

Fig. 7 Contours of the vertical momentum carried by fusion particles born at a given point in the R, Z plane: a) corresponds to the case when
the magnetic field of the plasma is substituted with the vacuum magnetic field and b) corresponds to the plasma with the toroidal current; in these
calculations, we had N,; =20, Ry =2, and pr/R( =0.08. [Positive momentum means that particles born at the point R, Z contribute to the positive

(along the Z axis) vertical momentum.]

particle birth profile, more realistic profiles can lead to enhanced
particle fluxes. However, such an optimization is beyond the scope
of this paper.

A very important issue is how particles are distributed in the
toroidal angle after they are lost. Figure 8 gives such a distribution
for the case Nqyi =20, ¢, =0.5, and p. /Ry =0.08. Toroidal field
coils are located at the left and right limits of the horizontal axes.
The distribution was taken 1 m above or below the coils. This gives
some averaging of the distributionin comparison with the one near
the coil, but note that the majority of ions are lost between the coils.
Some of the particles may collide with the coils, causing damage.
A principal solution to this is to set the coils as finite radius wires at
those places where particles will most probably impact the coils, as
was modeled in the code (Fig. 4). In such cases, a strong magnetic
field near the coil will deviate the particles. This imposes an upper
limit for the Larmor radius, which can be obtained by restricting the
size of the Larmor radius in the vicinity of the coil wire p;.on SO
that it is smaller than the coil radius pycoii < Fcoi- With N toroidal
coils, each consisting of n wires (Fig. 4; n =3), we can write

PLcoil = PL IZ Neoit Mot / Leoit Ro < Teoit
or
IOL/RU < 1/Ncoiln

Inrealisticcases, the allowed Larmor radiusis a few times larger than
the constraint just obtained, but this is a subject for future studies.
Note that the coil wire radius does not meet this criterion because

dN/dg
400
T

200

-0.1
@, rad

Fig. 8 Toroidal angle distribution of particle losses for the case with
Neoit =20, €, =0.5, and pr/R( =.08.

we assumed that the magnetic field in the vicinity of the coils is
due to the wire coil only. This is true if r.,; /Ry < (1 +¢€,)/Nn. It
follows from here that the concept we are proposing favors rather
large devices because r.,; ~ Ry, and the radius of the coils may be
limited by the technology requirements, which are also beyond the
scope of this paper.

We have demonstrated numerically that superthermal particles
can be extracted from the tokamak with the statistically dominant
direction of their velocity. This is the basis for developing the fusion
propulsion spaceship powered by a tokamak reactor. We show that
by varying such tokamak parameters as the aspectratio, number of
coils, and their shape, the design can be optimized for better power
extraction.
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Fig. 9 Neutron tokamak-based thruster schematic design.

D. Direct Neutron Thrust

At present, the D-T fusion reactors are the most realistic for the
near future. In this case, fusion 14-MeV neutrons can be utilized
for direct thrust. This can be done by placing a blanket, such as
liquid lithium, on the upper half of the tokamak reactor as shown
schematically in Fig. 9. This blanket has to be placed around the
fusion reactor to absorb the energy carried by neutrons. It needs
to be at least a few tens of centimeters thick to absorb the neu-
trons. One-half of the neutrons can be used for such direct thrust,
whereas the other one-half will be used for the energy generation
and partial tritium recycling. Only part of the particle momentum is
used, so that the exhaust velocity of the neutron propellant can be
estimated as

(V) < Vao/4 = oo = 1.3 x 10° cm/s

Here, we assumed that only positive momentum is carried by the
neutrons. This idea is very simple and does not require any special
designof the tokamak. Some loss of the efficiency may be associated
with the interactionof the neutrons with the coils. Note that this type
of propulsion can be used only in interstellar missions due to very
low thrust. The serious problem with the neutron type of propulsion
is the heat waste, which may impose a constraint on the rocket by
increasing its mass.

In the case of a neutron thruster, one-half of the generated power
flows directlyinto the neutrons,2 P /5. The other one-halfof the neu-
tron power, 2P /5, will be collected and transformed into electricity
with subsequentuse of ICRH to help scatter the passing alphasinto
the loss cone. Again, assuming that the efficiency of the heat to elec-
tricity conversion is 0.5, we obtain a rough estimate for the power
flow to the thrust: n = %.

V. Summary

We have proposed the concept of a fusion tokamak powered
spaceship. This device utilizes advanced physical mechanisms that
have not been studied previously. It also has the potential to
open up new opportunities for interplanetary and interstellar space
exploration.

The proposed solution to the problem of deep space propulsion
has obviousadvantagesbecauseit relies on the controlled VEV con-
cept. Expressions for the VEV rocket dynamic that we obtained can
be readily used for development of the concept once the tokamak-
reactor design becomes more practical. We show that there is a
theoretical feasibility of using the fusion tokamak based spaceship.

Our idea of using ripple diffusion for direct particle extraction
from the tokamak is new and distinguishesour toroidal fusion con-
ceptfrom other tokamak conceptsor other fusion devices for propul-
sion. We have demonstrated numerically that superthermal parti-
cles can be extracted from the tokamak with the statistically dom-
inant direction of their velocity. This is the basis for developing a

fusion propulsion spaceship. Further optimization and more numer-
ical studies are necessary.

New areas of research,both experimental and theoretical,are sug-
gested. In the present-day experiments, the ripple losses are mini-
mized because they contribute to plasma leakage and damage the
plasma-facing components. Thus, the use of such a mechanism for
thrust creation is a new area of research and needs to be explored in
terms of its compatibility with plasma performance. Another area
of research is the mechanism of controlling the ripple losses, which
translates into the control of the thrust. Both approaches, based on
designing the magnetic configuration and affecting the kinetics of
the particle losses, should be investigated.

One of the central problems in any concept based on thrust by
charged energetic particles is associated with the compensation of
their electric charge when they leave the spacecraft. This is a minor
issue with the toroidal device. In the absence of the magnetic field
outside the spacecraft, any electron gun can resolve it. Inside the
plasma and fusion reactor, the static charge may produce the well-
known effect of plasma rotation. It also affects the losses of the
charged particles and, thus, should be explored in detail.

These studies are closely related to the ongoing plasma confine-
ment experimental and theoretical studies, but have a new focus on
handling, rather than minimizing, the particle losses for creating the
directed thrust.

Appendix: Rocket and Rocket-Thrust Equation

For the low-thrust engine, the acceleration should be applied in
the direction of the rocket velocity,'” in which case the gravitational
force does not come into the force balance equation, and the rocket
equation reads

( /’ dvdr )
M(t) = M, exp| — T dr (Al)
0

Consider first the case with CEV v =const. One can obtain from
Eq. (A1) the solutionin the form of the conventionalrocketequation:

M(1) = My exp{—[V () — Vol/v} (A2)

where Vo=V (t =0).

In the case of VEV, generated power can be used most efficiently.
For V =0v, 0 =const< 1. By substituting the propellant exhaust
velocity in Eq. (A1), we obtain the following modified rocket equa-
tion, Eq. (1).

As we argued earlier, to speed up the rocket to the velocity
Vo = 0 vmax, thatis, before VEV, we have to use CEV. With Eq. (2),
the equation for u(?) is then

du ‘o (A3)
— —e
dr
and has a solution
u—uy=—"It—(r — 1) +1] (A4)

which implies that the time required to speed up the rocket to
V| = Unino is

n-tn=[1-e W] xu =0 (A5)

On a second stage, we prescribe VEV, that is, u =ov /vy, and
make use of Eq. (1) with the substitution 0 — 1. Evolution of u is
described by

du Myo
— ==, (A6)
dr [‘41“‘17

and has a solution

oc(2—o0)M,

u= uf_"—}— >
uiM,

1/2-0)
(t — Tl)i| (A7)
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It will take

Uy 2o ufMl
TL,—T1 = — -1 |— (A8)
U c(2—-0)M,

to accelerate the spaceship up to a speed of V, =0 vmax, Which is
the limit for the second stage by the definition of VEV, where v,
is the limit velocity for the propellant. Note that in fusion plasma,
Umax 18 equal to the birth velocity of fusion products. Therefore,
the third and final stage is again CEV and has to follow Eqs. (A4)
and (AS5) with the substitution0 — 2 and 1 — 3. At stage three, the
spaceshipwill be accelerateduntil it reaches the designated velocity.
Dependingon the mission, the shipmightreachtherequired velocity
at stage one or two. In the text for shorter notation, we refer to VEV
as a notation for the just described combined three-stage scenario
CEV-VEV-CEV.

The solution for the whole VEV flight can be written in the form

—l(—T + 1), T <71
1/2-0)
72—
|:02‘”+M(r—rl):| , L<T<T
u = UU_ le_g
2—0
Umax Unin
U, — &’v[(fz - r)(—) + 1i|, L <T<T;
Umin Umax

(A9)

where 7, =1—¢7%, Uy =0Vna/Vnmin» 2=7 +0€°2—0)"!
[(Vmax /Umin)> ~° — 1], and u3 is the final rocket velocity. The fi-
nal spaceship mass will be connected with its mass at the start
according to
Mye™,
M= Mye™ (o /u)’,
Al(Je_uumin/vmux (vmin/vmax)‘7 )

T <7

U<T<Tn (A10)
TH <T<T3

‘We compare this approach with the conventionalrocketequation for
CEV, v = const=vy,, in which spaceship velocity is determined
by

2
max M min
W= —dm g —z—‘J(v—) 1 (A11)

’
Unin M 0 Umax

where the prime will refer to the case with CEV, M| is the initial
mass of the rocket calculatedin such a way that at 73, the final mass,
M ;= M, + M;, will be the same for both cases, CEV and VEV,

M(; = M/' + 73(vmin/vmax)2 (Alz)

For a given space mission with a characteristicdistance L, we can
calculateand compare the rocketmass. First, we need to integratethe
preceding velocity expressions (A9) and (A11) over 7 to calculate
the normalized flight-path time dependence. The result for VEV is

Q-1 b=+ 1D+, T <71

> 3—-0/2—-0
I(r) + —= 1422 % (r— 1y —1
V3= 0)er :

OT<T<Tn0

Umax

1) = (1) tuy(t — 1) + o

2-o0
vmax
X\ VT —1T+ — —T+10
Umin

2—0
X b (1 — r)<ﬁ> +1

max

T <T<T3

(A13)

The conventionalrocket equation solution, CEV, correspondsto the
path evolution:

2 2
max M max M, min
l’(t):v— T+ —U<v—> — 7| b 1—1—0<v—>

’
Umin MU Umin MU Umax

(A14)
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